1. Levels of Game-theoretic Analysis
The origins of game theory stem from concerns related to rational decisions in situations involving conflicts of interest. The term game theory itself derives from the analysis of so-called games of strategy such as Chess, Bridge, etc. Serious research in this area was doubtlessly stimulated by a need to bring to bear the power of rigorous analysis on problems faced by persons in the culturally dominant roles of "decision makers." That connections between games of strategy and strategic conflict already exist in the minds of men of affairs ap​pears in the metaphors linking the languages of business, international relations, and war; in short, spheres of ac​tivity where strategic shrewdness is assumed to be an important component of competence.
Thus it is easy to portray game theory as an extension of a theory of rational decisions involving calculated risks to one involving calculations of strategies to be used against rational opponents, competitors, or enemies; that is actors who are also performing strategic calcu​lations with the aim of pursuing their goals and, typi​cally, attempting to frustrate ours.
In short, the game metaphor (business is a game, life is a game, politics is a game) is already firmly es​tablished among people whose careers depend on the choice of right decisions and among those who have an appreciation of this process. Consequently, the above mentioned definition of game theory is easily related to what people already know, understand, and appreci​ate.
Unfortunately, inferences likely to be made from the definition   easily   lead  to   a   misconception   about  the
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scope and the uses of game theory. The widespread appreciation of the decision maker's role makes it easy to put oneself into his shoes. If I were a decision maker (one might, perhaps, ask oneself), what would I expect from a theory which purports to deal with rational de​cisions in conflict situations? Clearly, I would expect from such a theory some indications of how rational decisions are to be singled out from all the available ones. Certain features of rational decisions follow from common sense considerations. One must know the range of the possible outcomes which can result as conse​quences of one's own choices and also of choices made by others, as well as, perhaps, certain chance events. Having made a list of these outcomes, one must know one's own order of preference among them and, as ap​pears after a moment of reflection, also the orders of preference of other decision makers, who also exercise partial control over the outcomes by their own choices. Next, one must distinguish between immediate, inter​mediate, and final outcomes of decisions. Often it is difficult to decide what the preferences are (even one's own) with regard to the immediate and intermediate outcomes. For these can be evaluated only with refer​ence to the final outcomes, to which they eventually lead, via additional choices of all concerned; and the relation between the former and latter is often not clear. Anyone who has reflected on problems of decision making in conflict situations will usually quickly grasp the significance of these issues. Namely, these issues must be faced if game theory is to be a useful tool in the search for rational decisions. At this point, the game theorist who has undertaken to explain what he is about faces the difficult task of shifting attention away from these issues, which are not the central ones in game theory, toward other much more fundamental issues. He will have to explain the difference between the theory
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of some specific conflict situation and a general theory of such situations.
Let us first see what might be the shape of a theory of a specific, strictly formalized conflict situation, say a game of Chess. In Chess, the immediate outcomes of choices are "positions," i.e., the dispositions of the pieces on the board. These positions are controlled partially by one player, partially by the other, specifically, by the choices which the players make alternately. The posi​tions must be evaluated only with reference to the bear​ing they have on the final outcome of the game; that is, on whether the outcome is a win for White, a draw, or a win for Black. The preference order of the players among these outcomes is clear. White prefers them in the order named; Black prefers them in the opposite order. Thus the only real problem the chess player faces is that of estimating the bearing which the immediate and the intermediate situations (the "positions") have on the final outcome.
Indeed, the theory of Chess deals entirely with this problem. In the theory of Chess, certain frequently oc​curring situations are analyzed with a view of deciding to which of the three possible final outcomes they are likely to lead. Sometimes analysis yields a definitive answer. It is known, for example, that if all the pieces have been captured except one rook, then the possessor of the rook must win the game provided he guides his choices by certain specified rules. Definitive prognoses can be made also in other more complex "end game" situations (i.e., when only a few pieces and pawns remain). Prognoses on the basis of situations arising in the beginning or the middle of the game are, as a rule, not definitive. But this is because the analysis of such situations is too com​plex to allow the investigation of all possible lines of play. Nevertheless, some prognoses can be made with considerable confidence on the basis of several centuries
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of experience. Other prognoses are noncommittal ex-cept to the extent of assertions like "White (or Black) has a better position." These too are based on intuitive judgments derived from experience of able players.
Chess theory is, then, essentially concerned with the search for "effective strategies," i.e., with the search for choices which are "likely" to lead to definitely winning positions or to prevent the opponent from achieving them. It is important to note that "likely" in this instance is not to be understood in the sense that Chance inter-venes in the development of the situations the way it does in games of chance. Chance has "nothing to say" about what positions will emerge in a game of Chess, since each position results from a deliberate choice by a player.5 The term "likely" is unavoidable in the formula-tion of Chess theory, because the situations are too complex to be analyzed in their entirety. It is conceivable that, if a complete analysis were carried out, the out-come of every Chess situation could be predicted with certainty (assuming that such analysis could be carried out by both players). In fact the end game situations mentioned above are precisely such; and so are Chess problems, whose solution depends on complete analysis. Such situations can be analyzed completely, and for this reason, when they arise in games played by experienced players, the game is broken off, the outcome being known to both. Therefore it makes sense to conceive of "progress" of Chess theory in terms of subjecting more and more situations to deeper and deeper analysis. It follows that the Chess player able to pursue such analy-sis more deeply acquires thereby a greater control over the situations and is in a better position to win the game.
All this makes good sense to a decision maker faced with choices in situations involving a conflict of interest. He may be well aware that the situations with which he is faced are far from being as clear cut as a game of Chess. The range of alternative choices (especially those
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available to an opponent or opponents) may not be known with certainty, nor the opponents' preference orders for the outcomes. It may be difficult to decide whether situations are to be assigned the status of in​termediate or final outcomes and so to decide whether they are to be evaluated as "means to an end" or as "ends," etc. Nevertheless, a decision maker sophisticated in the ways of science (where concrete problems must always be translated into simplified or idealized "models" and where hypothetical assumptions must always be made because knowledge is never complete) can con​ceive of conflict situations which, under certain condi​tions, can be formulated as well-defined "games." If so, he may be willing to examine the sense in which game theory can be relevant to the problem of choosing ra​tional decisions.
After all the preliminary conditions have been ful​filled, what is the problem from the decision maker's point of view? It is that of pursuing analysis sufficiently far so as to single out strategic choices which will either bring about the preferred outcomes or are "likely" to bring them about ("likely" in the estimation of persons with experience in similar situations).
In other words, it seems to the decision maker quite natural to see the task of game theory as a generalization of the task posed by the theory of Chess: the search for effective strategic decisions (after the problem has been sufficiently defined). Therein lies a misconception, be​cause the search for effective decisions is not a central problem of game theory.
Game theory (as developed by people who have come to be recognized as game theorists) is properly a branch of mathematics. To the extent that many problems of mathematics are (or, at least, have been) instigated by abstractions from real life situations, game theory, too, can be so viewed. However, the mathematicians' re​search tools are different from those of the natural sci-
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entist (who deals with the world perceived by the senses). Consequently the problems usually posed by the mathematician are typically not at all the problems posed by "life," although they may have been instigated by impressions gathered from life.
The mathematician pursues his science by ascending to ever higher levels of generality, hence of abstraction. It seems natural to suppose that by solving a "more gen​eral class of problems" than those originally posed, the mathematician is thereby enabled to solve also the origi​nal problems; for does not the general case embody the special case? It does indeed happen that by ascending to a higher order of abstraction the mathematician is en​abled to solve the problem originally posed and all the other problems of the same type. Frequently, however, this change of perspective has a different consequence, namely, the abandonment of a class of problems in favor of another class which may never have arisen in the original context.
As an elementary example, consider the problem of solving an equation with one unknown. At first, solu​tions of special cases of such equations were found; then a general method of solving such problems. Using this method, one could, of course, solve any special case.
However, in the process of establishing a method of solving linear equations in the first degree, certain prob​lems appeared which had nothing to do with the problems that initiated this search. A special problem of solving a first degree equation might have arisen in the context of searching for a specific number among a set of known numbers. For example, a money changer, in converting one currency to another and charging a fixed fee for his service, might want to solve a linear equation. If he sells shekels at the rate of 350 minas per shekel and charges 4 minas for performing the transaction, he may want to know how many shekels he should give for 1000 minas. The equation to solve for x is
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350x + 4 = 1000.
(1.1)
The problem "has an answer" in terms of the operations which the money changer habitually performs, because problems "without an answer" do not as a rule arise in this context.
The mathematician, however, having posed the prob​lem of solving the general linear equation will very quickly come across problems which have "no solutions" in the hitherto conventional sense. In order to make such problems solvable (so as to "round out" the theory), the mathematician invents new number entities. In the context of making all linear equations solvable these are negative numbers. Once this is done, new questions arise of purely mathematical nature; for instance, how are the usual operations of arithmetic to be extended so as to include negative as well as positive numbers? To be sure, contexts in which negative numbers acquire meaning were not long in appearing, e.g., credit account​ing. Nevertheless it is quite possible that the concept of negative numbers arose in the purely mathematical context before this concept was put to work in "real life" applications.
The importance of the purely mathematical context becomes much more important in the theory of the quad​ratic equation. Here "answers" occur which cannot pos​sibly arise in the context of either counting or physical measurement, namely, irrational and imaginary numbers. Hence a large part of the theory of quadratic equations is concerned with matters other than finding "desired magnitudes" as answers to problems posed by life. For instance, the question of when a quadratic equation has rational roots, real roots, two distinct roots, etc., can be asked quite apart from the problem of finding these roots.
As the restriction on the degree of an algebraic equa​tion is removed, the theory becomes even more general. A part of the theory of equations is concerned with cer-
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tain mathematical systems (called groups) in which the elements (that is, the entities operated upon) are no longer numbers but are themselves operations (called automorphisms). This branch of mathematics later turned out to have extensive applications, for example in crystallography and in quantum mechanics. However, in the process of its development, the original problems which have given impetus to the theory of equations (from which group theory arose) were completely lost sight of. That is, investigations in group theory have next to nothing to do with the solution of algebraic equations in the sense of finding magnitudes which satisfy it. For this reason, the term "theory of equations" may be mis​leading to someone whose attention is riveted on the original "practical" problems, in the context of which the beginnings of the theory were rooted. Nevertheless the general theory of equations sheds a brilliant light on the "nature" of algebraic equations and brings into focus certain of their aspects which are fundamental in many different branches of mathematics.
To give another even simpler example, the desk cal​culator was invented for the purpose of quickly adding long columns of whole numbers. It became the ancestor of the electronic computers. A branch of mathematics eventually was developed which deals with the design of such computers. A specialist in this science has neither a special competence nor the slightest interest in adding long columns of figures.
So it is with game theory. The preoccupations of game theorists have next to nothing to do with the problem of finding "effective strategies" in conflict situations. They have to do with matters which shed light on the "logic" of such situations. This logic turns out to be intricate and often perplexing, at times ridden with paradoxes, which, when resolved, provide us with insight concerning mat​ters which had been either ignored or only vaguely un​derstood.
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Like all other branches of mathematics, game theory grew by progressive generalization, hence abstraction. Three levels of abstraction are clearly discernible: the theory of games in extensive form, the theory of games in normal form, and the theory of games in characteristic function form.
The fundamental "mathematical object" in the theory of games in extensive form is the so-called game tree. The game tree is determined by the rules of the game. If the game is to be represented by a game tree, the follow​ing must be specified in the statement of the rules.
1. A set of players.
2. A set of alternatives open to each player when it is
his turn to make a choice among such alternatives (i.e.,
when it is his move). This set of alternatives will usually
depend on the situation, which, in turn, is determined by
the choices already made by all the players on their re​
spective moves.
3. A specification of how much a player can know
(when it is his move) about the choices already made
by the players on previous moves.
4. A termination rule indicating situations which mean
that the game is over.
5. A set of payoffs  (one to each player)  associated
with every outcome of the game, the outcome being the
situation in which the game has terminated.
The "root" of this tree can be represented by a point. The "branches" issuing from this point represent the alternatives open to the player who moves first. The end points of these "first order" branches represent the several situations which can result from the choices made by the first player. From these points, in turn, branches issue, which represent the alternatives open to the player who is to move next. (The identity of this player may also depend on the situation.) This branching process con​tinues until a situation is reached which is defined (by the termination rule) as an outcome of the game.
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If the player is always in a position to know the actual choices made by all the players who have already moved, then the game is called a game of perfect information. In such a game, each player is always in a position to know exactly to which branch point the play of the game has progressed. If such is not the case, the player can only know to which set of branch points the game has progressed, but not to which particular branch point of this set. These sets are called information sets. The rules of the game must be such that the alternatives open to a player at each point of an information set are in one-to-one correspondence; otherwise, not knowing to which point the game has progressed, he cannot know what alternatives are open to him; i.e., which choices are "legal."
A game tree is thus a diagram which specifies all the branch points, all the branches (labeled by the players who make the corresponding choices), and all the infor-mation sets. The game tree constitutes the representation of the game in extensive form. It is essentially a diagram-matic representation of the rules of the game. The theory of games in extensive form deals with the mathematical properties of game trees. A sample game tree is shown in Figure 2.
The most important concept emerging from the analy-sis of a game tree is that of a strategy. A strategy is es​sentially a statement made by a player specifying which of the alternatives he will choose if he finds himself in any of the information sets which are associated with his moves. It is shown in game theory that, once a strategy is chosen by each of the players, an outcome of the game is thereby determined.
One of the players in a game may be Chance. The alternatives open to this player are the possible states of a chance device, or one of several such devices, specified in particular situations. Thus the six faces of a die, the 38 positions of a roulette wheel, or the 52! arrangements

Fig. 2. A game tree representing a game with the following rules: Player 1 moves first, having a choice between "Left" (L) and "Right" (R). If player 1 chooses Left, player 2 moves next, having the same choice. If, however, player 1 chose Right, player 3 moves next, having the same choice. After two moves, the player who has not moved makes the last choice, and he has three choices, "Left," "Middle" (M), and "Right". This game is a game of perfect information. It would not be a game of per​fect information if, for example, player 2's or player 3's choice on the second move were not known. In that case, player 3, if his were the last move, would only know that he is either at branch point (LL) or at (LR), but not where specifically. Thus his choice of Left might terminate the game either at (LLL)* or at (LRL)* Player 2 would be in a similar situation. This is indicated by the dotted lines enclosing the information sets {(LL), (LR)} and {(RL), (RR)}. Note that player l's choice must be known; otherwise players 2 and 3 would not know whose move it was following player l's choice.
The numbers at the branch points indicate the player who is to choose; the branch points are designated by the choices al​ready made (in parentheses); the final outcomes are in starred parentheses; the branches are designated by the choices which they represent.
To define the game completely, a triple of payoffs (one to each player) must be associated with each outcome. These can be assigned arbitrarily, and they are assumed to be known to all players.
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of a deck of cards may be the alternatives among which Chance chooses.
If Chance is not a player, then, once a strategy is chosen by the players, the outcome of the game is deter​mined. If Chance is a player, and the probabilities of her choices in the various situations are all known, then, once strategies have been chosen by all the bona fide players, the frequency distribution of all the possible outcomes of the game becomes known; hence also the expected outcome (as a statistical mean).
It is important to note that a strategy already contains as much "conditionality of choice" as the game allows. The degree of "conditionality of choice" is roughly the degree of dependence of a player's choices on the situa​tion in which the choice is made. It is thus related to the degree of "flexibility" which characterizes a player's per​formance. Usually one associates such flexibility with rational decisions, that is, decisions which take into ac​count the special circumstances in which they are made. In practice, a "flexible" player defers decisions until the relevant situation obtains. However, completely flexible decisions can also be made far in advance by specifying choices in all the foreseeable circumstances which may occur. A strategy, by definition, involves foreseeing all the possible situations which may arise in the course of a game. Their number is, to be sure, super-astronomical in all but very trival games. The "rational player," as he is defined in game theory, has unlimited memory capacity and unlimited skill of computation. Hence, by choosing a strategy before the game begins, he is already exhibit​ing as much flexibility as is possible under the rules of the game. For this reason, the "rational player" gains nothing in flexibility by deferring decisions.
If the object of game theory were to uncover effective strategies in situations involving conflicts of interest (the most easily understood "practical application" of game theory), then the investigations would have to be cen-
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tered (1) on the construction of the game tree and (2) on examining the outcomes resulting from the combina​tions of strategies by the several players. Enormous dif​ficulties would be encountered here. To see this, let us take one of the simplest games of strategy—Tic-Tac-Toe, and see what is involved in constructing its game tree.
Issuing from the root there are 9 branches, which rep​resent the 9 alternatives open to player 1. Each of the next branch points will have 8 branches. We must con​tinue this branching process to at least 5 moves, since no game can end before the fifth move. By the time we get to the fifth move, we have 9x8x7x6x5= 15,120 branches.
To be sure, we can reduce this number drastically by taking into account the symmetries of the Tic-Tac-Toe grid. For example, on his first move, player 1 has essen​tially only 3 alternatives: center, corner, and side. If he chooses center, player 2 has essentially two alternatives: corner or side; if player 1 chooses side, player 2 has es​sentially five alternatives (since one degree of symmetry remains); etc. Nevertheless, even taking symmetries into account, we would have a rather large tree; and although some effort would be saved in reducing the number of branches, more effort would be needed to examine the sets of situations which are equivalent by symmetry.
When one notes how simple it is to analyze Tic-Tac-Toe completely without the benefit of a complete game tree, one wonders whether game theory has anything to contribute to the problem of finding effective strategies by examining the extensive form of the game.
When we are dealing with real life situations, a pre​liminary problem must be solved before the game tree is constructed. One must ascertain the "rules of the game." Rules are not to be thought of as restraints im​posed on the players by mutual agreement (as is the case with actual games). The essential function of rules is to delimit and to specify the available alternatives and
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the several situations which can result from the players' choices. These specifications may be consequences of the life situation itself. This is particularly true when the game does not proceed "in depth"; that is, where the outcomes of the choices are evaluated immediately. If the number of "moves" and the number of alternatives available at each move are both quite small, it may be possible to list each player's available strategies.
The representation of the game by its strategies alone is called representation in normal form. Such a represen​tation is shown in Figure 3.
Once the game is represented in normal form, the rules of the game become irrelevant. The rules are important (from the standpoint of game theory) only to the extent that they determine the structure of the game tree and through it the available strategies and the outcomes as​sociated with the combined strategy choices.
Once the strategies and the associated outcomes have been listed, the game tree also becomes superfluous. However, in most games worth playing, this conclusion is of no practical significance: the task of listing the strategies is an impossible one. For this reason theories of particular games deal not with total strategies but with the situations which may arise in the course of a play of the game. These situations could be examined with ref​erence to each other if a game tree were constructed. But the construction of the game tree is likewise out of the question for most games of interest. Therefore, game theory, neither in its extensive nor in its normal form, has much of consequence to contribute to the problem of seeking out effective strategies.
Wherein, then, lies the contribution of game theory? The answer to this question can be understood only if one abandons any preconceived notions one may have had about the main objectives of game theory (suppos​ing it to be concerned with the search for effective deci​sions in conflict situations).
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Fig. 3. A Two-person game represented in normal form. Here player 1 has 13 strategies available. They are represented by the horizontal rows of the game matrix. Player 2's 15 strategies are represented by the vertical columns. A play of the game consists of an independent (e.g., simultaneous) choice by each player of one of the strategies available to him. For instance, if player 1 chooses the strategy represented by R7, and player 2 the strategy represented by C4, the outcome of the game is the "box" of the matrix represented by (R7, C4). To represent the game completely, we must enter in each box a pair of payoffs, one to each player.
A Three-person game would have to be represented by a three-dimensional grid; an N-person game by an n-dimensional grid with an n-tuple of payoffs in each "box."
Once the game is represented in normal form, the game matrix rather than the game tree becomes the mathematical object of interest.
The normal form is most useful in the investigation of the Two-person game. In that case the matrix is a rec-
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tangular array, in which the strategies of one player are represented by the horizontal rows and those of the other by vertical columns.
From the standpoint of the theory of games in normal form, the simplest Two-person games are the so-called zerosum games, those in which the sum of the payoffs to the two players is always zero, regardless of the out​come. Practically all the so-called parlor games are rep​resented as zerosum games, a reflection of the fact that what one player wins, the other loses (receives as a nega​tive payoff). N-person games are also zerosum if the algebraic sum of the payoffs of all the players is zero regardless of the outcome, e.g., N-person Poker.
Of the Two-person zerosum games, the simplest (again from the standpoint of normal form representa​tion) are those which have so-called saddle points in the game matrix. A saddle point is a "box" in the matrix in which the payoff to Row (the player whose strategies are represented by the horizontal rows) is minimal in its row and at the same time maximal in its column. Because the game is zerosum, it follows that the corresponding payoff to Column is the smallest in its column and the largest in its row. We shall say that a row (or a column) contains a saddle point if a box of the matrix in the cor​responding row (or column) is a saddle point. Since a row (or column) represents a strategy, we can also say in that case that a strategy contains a saddle point. It is established in the theory of the Two-person zerosum game that if both Row and Column choose strategies containing a saddle point, the box determined by their choices will be a saddle point. (N.B. This is not neces​sarily true in games which are not zerosum, nor in N-per​son games.) Moreover, the payoffs in the saddle points of a Two-person zerosum game are all equal.
From this result it follows that the largest payoff which a player can get in a Two-person zerosum game with saddle points (assuming that each player is trying
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to get the largest payoff possible) is the payoff which accrues to him in a saddle point. Strategies which con​tain saddle points are called maximin strategies.
More generally, if xij is the payoff to Row in the i-th row, j-th column of the game matrix, then a strategy which contains MaxiMinj (xij), regardless of whether it is a saddle point, is called a maximin strategy of Row; anal​ogously a minimax strategy for Column.
Another important result concerns Two-person zero​sum games of perfect information (cf. p. 54). Every such game must contain at least one saddle point. Con​sequently, in every game of perfect information there exists at least one "best" strategy available to each player. If both choose such a strategy, the outcome of the game (in the sense of the associated payoffs) is de​termined in advance. If such "best strategies" are known to both players, it is pointless to play the game.
Chess, being a game of perfect information, must have saddle points in its strategy matrix. Therefore, if Chess were played rationally by both sides, the out​come of every play of the game would be the same: either White would always win, or Black, or every game would be a draw. The reason this does not hap​pen is that Chess is too complex to be analyzed com​pletely. It does happen in very simple games of per​fect information like Tic-Tac-Toe or Nim.6
Note how the analysis of the game in normal form has led us away from the objectives of the analysis in ex​tensive form. In the latter, the objective may well have been that of finding "effective strategies." (This objec​tive is pursued in the theory of Chess, for example.) In the analysis of a game in normal form, the central ques​tion is whether a best strategy exists at all. Possibly the question would not even have arisen had not the analysis of games in normal form shown that in some games (e.g., those without saddle points which must be games without   perfect   information)   one   cannot   define   the
1
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"best" among the available strategies. In the case of games with saddle points, such best strategies do exist. However, the analysis contributes nothing to a practical method of finding such strategies in the original game (which is defined in terms of its rules.)
The parallel with the theory of equations is instruc​tive. A real life problem may induce us to seek a root of an algebraic equation. To have a physical meaning, such a root must be real. In the process of solving such problems, the theory of equations developed. This the​ory is more concerned with questions like whether an equation has a real root at all than with the problem of finding it. It turns out that sometimes an equation has, sometimes it does not have, a real root. (In particular, it always does if its degree is odd.) Clearly, if an equa​tion has no real roots, it is futile to look for one. Simi​larly, if a game has no saddle points, it is futile to look for a "best" among the available strategies.
As has been pointed out, the development of mathe​matics has been marked by repeated extensions of the number concept, often instigated by the impossibility of solving certain equations within the framework of the older concept of numbers. An analogous extension of the concept of strategy was introduced into game theory to make all Two-person zerosum games (with or with​out saddle points) "solvable," if by a solution of a game we mean a pair of strategies which are somehow "best" for the respective players. This extension involves the notion of mixed strategy. A player chooses a mixed strategy if he uses some random device (e.g., a roulette wheel) to "choose" the strategy for him. Each mixed strategy is designated by a set of probabilities associated with each of the available strategies. To choose a mixed strategy means essentially to "fix" the device in such a way that strategy 1 will be chosen (by the device) with probability pi, strategy 2 with probability p2, etc. (Note that the choice of a pure strategy, i.e., a specific one
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among these available, amounts to setting its probability equal to one and all the other probabilities equal to zero.)7
The most important result in the theory of the Two-person zerosum game states that in every such game represented in normal form there exists a pair of strate​gies (pure if there is a saddle point and mixed if there is not) which are in equilibrium with each other. This means that if one player chooses such a strategy, then the other can do no better than to choose such a strat​egy also. Moreover, every such pair will be in equilib​rium, and the expected payoffs will be the same in all equilibria.
The importance of this result, as the reader will prob​ably concede, is not in its utility for seeking out "best" mixed strategies but rather in the further question it raises about the logical structure of games of various kinds. It turns out that all Two-person zerosum games are solvable in the sense that in them there always exist strategies in equilibrium with each other. Is this result valid for all Two-person games?
Once zerosum games have been defined, we can raise questions about games which are not zerosum; that is, about Two-person games in which the sum of the pay​offs of the two players is not necessarily zero. It turns out that if this sum is always the same (even though not zero), the findings remain exactly the same. A little reflection shows that this cannot be otherwise. For, if the players receive jointly the same amount, regardless of the outcome, the game can be turned into a zerosum game by exacting this amount (if it is positive) or pay​ing it (if it is negative) from (to) one of the players or from (to) both players in some proportion. This is equivalent to paying the players (or charging a fee) simply for playing the game (regardless of outcome), and so cannot make any difference in the strategic con​siderations governing the play of the game. Thus, to
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consider the games which are essentially different from zerosum games, we must turn to those where the sum of the payoffs to the two players is different in differ​ent outcomes of the game. These are the non-constant-sum games. Without loss of generality, they can be also called non-zerosum games.
In non-constant-sum games it may happen that some of the outcomes are preferred by both players to other outcomes (a situation which cannot happen in constant-sum games where the more one player wins, the more the other loses). In other words, in non-constant-sum games, the interests of the two players are in general not diametrically opposed.8 They may be partially opposed and partially coincident. I do not know of any parlor games which are non-constant-sum, but, of course, real life situations are very common wherein the interests of parties partly coincide and partly conflict.
An important result in the theory of the non-constant-sum game in normal form states that every such game has at least one equilibrium (either in the sense of pure or mixed strategies). If one player "departs" from such an equilibrium while the other stays with it, the depart​ing player cannot improve his payoff; he can only im​pair it if it changes at all. This result, however, is only partly analogous to the corresponding result in zerosum games, because it is not true that if both players choose a strategy (pure or mixed) containing an equilibrium, the outcome will necessarily be an equilibrium. Nor is it true that the payoffs to the respective players must be the same in all equilibrium outcomes. Accordingly, the theory of Two-person non-constant-sum games in nor​mal form is more complex than that of constant-sum games.
Note the sense in which we use the word "complex." It has nothing to do with the complexity of the game in extensive form (e.g., the size of the game tree). Chess is enormously complex  as  a  game  actually played  but,
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from the standpoint of the theory of games in normal form, Chess is almost trivial. It has a saddle point (be​ing a game of perfect information); therefore each player has a best pure strategy, and this is all that game theory has to say about Chess. While the result says lit​tle that is of interest to Chess players, the attempt to answer similar questions in the context of non-constant-sum games reveals another "dimension of complexity," as it were. For example, it raises questions concerning what one can say about (non-constant-sum) games which are not "solvable" even though they possess equilibria. For, even assuming that rational players will choose strategies containing equilibria (even this as​sumption is open to question), we cannot be sure that the outcome will be an equilibrium.
Another question raised in the context of the non-constant-sum game in normal form is what the relation is between rational decisions and equilibria. In many non-constant-sum games both players can get more in some outcomes which are not equilibria than in others which are. In order to realize those outcomes which are better for both players, the two must choose their strat​egies jointly, and this requires some sort of agreement between the players. It stands to reason that if the play​ers are rational, and if the situation allows the conclud​ing of an agreement benefiting both players, it will be concluded. However, the coordinated strategies which benefit both players (in comparison with the uncoordi​nated ones) may be chosen in many ways, some choices favoring one player, some the other. The "solution" of the game then involves the determination of a reason​able compromise.
If there are more than two players, the situation be​comes more complex. With two players, only one coali​tion (for the purpose of coordinating strategies) is pos​sible, namely the coalition between the two players. Moreover,  if the game  is  constant-sum,  the  coalition
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cannot benefit both players, since both cannot prefer one pair of strategies to another. If there are more than two players, even if the game is constant-sum, it may still be advantageous for some of the players to form coalitions. In that case, questions arise as to which coali​tions can be expected to form if the players are ra​tional, as well as the question about how the payoffs accruing to the coalitions will be apportioned among the members.
This leads to the third level of game theory, called the theory of games in characteristic function form. In this framework, the strategies available to the players are also abstracted from. The only givens of the game are now the payoffs which each of the several possible coalitions can assure for themselves respectively. Usu​ally it is assumed that the payoffs are in some conserva​tive and transferable commodity (such as money), so that it makes sense to add the payoffs and to speak of the joint payoffs accruing to each coalition. The specifi​cation of minimum joint payoffs which can accrue to each of the possible coalitions constitutes the charac​teristic function of the game.
It appears, then, that we have left the question of effective strategies far behind. Instead, other questions arose in the path of the developing theory, namely ques- tions of settlement of the conflicts of interest among rational players. Note that in the simplest games (which from the standpoint of game theory are Two-person zerosum games) these questions of settlement do not arise. The interests of the players are diametrically op​posed; the two players cannot gain anything by "rea​soning together." Each knows that he can assure him​self at least the value of the game to him, and knowing that the opponent can do likewise, knows what to ex​pect. Thus the question how much each of the players will get is automatically settled. What then is left? Only the question of how to find the best strategies  (pure
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or mixed). To answer this question, one must study the normal form of the game. To describe the strategies in terms of sequential choices conditional on situations, one must study the extensive form, for only the exten​sive form can actually display the specific decisions which constitute a strategy. This can be done only in the context of specific games.
In leaving these questions, we pose others on the higher levels of abstraction. In N-person games, for ex​ample, very complex questions arise about possible "set​tlements" of such games. This theory is sufficiently rich to present a challenge to the game theorist, quite aside from questions of identifying effective strategies. Mu​tatis mutandis, questions which are central in N-person game theory would have probably never been raised if the attention of game theorists were riveted on the search for "effective strategies."
If we take a cue from the history of mathematics, we see that very often it becomes necessary to abandon a class of problems, or rather to by-pass them, and to ascend to a higher level of abstraction where problems of an entirely different sort present themselves. From the vantage point of this higher level it often becomes apparent that some of the problems on the lower level were actually unsolvable in the framework of concepts characteristic for that level. Other problems, while solv​able, become uninteresting, because from the vantage point of the higher conceptual level they can be re​duced to routine operations. Game theory too proceeded along these lines, as it passed from the extensive form (where it did not tarry long) to the normal form, and finally to the characteristic function form representation of games. We shall begin our analysis with some very simple games in extensive form, then in normal form. Once we pass to the characteristic function form (and some of its modifications), we shall stay on that level of analysis; for there is where N-person game theory di​rects its main thrust.
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2. Three-level Analysis of Elementary Games
We shall now examine some extremely simple N-person games close at hand, as it were, where their inner stra​tegic structure is visible. Later we shall ascend to the higher rung, where the structure of strategies will no longer be seen. On that level, the strategies will become the indivisible units of analysis. Finally, we shall ascend to the highest rung, where the strategies are no longer visible and only the coalitions remain as the units of analysis.
The smallest number larger than two being three, and the smallest number of choices being two, the simplest N-person games in extensive form are those where each of three players in turn must choose between two alter​natives. In other words, each player in sequence will have one move. The number of strategies available to the players will, however, depend on the information available after the moves are made. Thus, if the choices of the players become known after they are made, the player who moves second will have four strategies avail​able, and the player who moves third will have sixteen. If the choices of no player are known to the others, then each player will have just two strategies.
Another important distinction among N-person games is in whether or not players are permitted to form coali​tions. Finally we have the distinction between zerosum and non-zerosum games. We shall examine Three-per​son games in all of these variants. The first version will be a zerosum game of perfect information where coali​tions are not allowed. This game is shown in extensive form in Figure 4.

Fig. 4. "Left"-"Right" game as a game of perfect information. Each of three players moves in turn. Player 2 knows how player 1 has chosen; player 3 knows how both player 1 and player 2 have chosen. The branch points and the outcomes are designated by sequences of preceding choices. The payoffs are the triples in parentheses, accruing respectively to players 1, 2, and 3. Since the sum of the three payoffs is zero in every outcome, the game is zerosum.
Let us re-state the explicit meaning of "rational play." 1. Each player is able to foresee all possible conse​quences of each of his choices. Clearly, a particular ulti​mate consequence (i.e., the outcome and the associated payoffs) depends not only on how the player in ques​tion has chosen but also on how the others have chosen or will choose. For example, if player 1 chooses L, the outcome may be either (LLL) or (LLR) or (LRL) or (LRR), depending on how players 2 and 3 will choose. If player 2 chooses L after player 1 chose R, the out​come may be (RLL) or (RLR), depending on how player 3 will choose. An individually rational player is
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supposed to scan all these possibilities in the process of making his decision.
2. Each  player  prefers  the  outcomes  in  the  order
of the magnitudes of the payoffs to him and to him
alone. The payoffs of the other players are of no con​
sequence to him except to the extent that knowledge
about  the  others'  preferences  for  the  outcome  helps
him to anticipate the others' choices.
3. Each player assumes that every other player is in​
dividually rational like himself.
A strategy, we recall, is a plan of choices made by a player in which all possible contingencies, i.e., the choices to be made by the other players, are anticipated.
Let us first examine the game from player l's point of view. He has just the two choices, L and R. Thereafter the game is out of his hands. In making his choice, he must consider how the others will choose in the pursuit of their interests. If player 1 chooses L, player 2 must choose between bringing the game to branch point (LL) or branch point (LR). In the former case, player
2 is sure to get —4 (since player 3 will choose R); in
the latter case player 2 is sure to get 3, because player
3 will have to choose L, the lesser of two evils. There​
fore player 2, being at branch point (L), will prefer R,
and  consequently  the  outcome   of  the   game  will  be
(LRL), which gives player 1 a payoff of 1.
Following the same reasoning for the other alterna​tive, player 1 concludes that, in that case, the outcome will be (RRR), which gives him a payoff of — 1. Con​sequently player 1 will choose L, and we have already seen that the choices of the other two players will real​ize the outcome (LRL). This will be the outcome if this game is played "every man for himself under the condition of perfect information.
It is instructive to arrive at this result by examining the game in normal form. To do this, we must list the strategies available to each of the three players. Player
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1 has just two strategies, [L] and [R] corresponding to his two choices, L and R. Player 2 has four strategies, since his two choices can be associated independently with each of the two choices of player 1. We shall in​troduce a positional notation to designate the strategies. Player l's strategies will be denoted by the four pairs in square brackets:
(2.1)
[L, L];[L,R];[R,L];[R, R].
The position of each member of the pair refers to player l's choice; namely the first of the pair corresponds to player l's choice of L, while the second member cor​responds to player l's choice of R. Thus player 2's strat​egy [R, L] means "If player 1 chooses L, choose R; if he chooses R, choose L." Strategy [R, R] means "Choose R regardless of player l's choice"; etc.
Player 3 has sixteen strategies. They will be denoted by quadruples:
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The entry in the first position is player 3's choice at the branch point (LL), the second at the branch (LR), the third at the branch point (RL), the fourth at the branch point (RR). Thus, strategy [R, R, R, L] reads: "Choose R except if the game is at branch point (RR), in which case choose L."
To represent a Three-person game in normal form we need a three-dimensional matrix, with the strategies of each player along each of the dimensions, in our case a 2 X 4 X 16 matrix. A representation of a three-dimen​sional object on two-dimensional paper is awkward. To avoid it, we shall take advantage of the fact that player
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Fig. 5. The left hand matrix corresponds to player l's choice of strategy [L]; the right hand matrix to his choice of strategy [R]. The columns of each matrix represent player 2's four strategies; the rows player 3's 16 strategies. For example, let player 1 choose [R], player 2 [R, L], player 3 [L, R, R, L]. Then, since player 2's response to [R] is L and player 3's response to [RL] is R, the outcome is (RLR)* with the corresponding payoff vector (—4, 2, 2).
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1 has only two strategies, and represent the game by two two-dimensional matrices side by side instead of one on top of the other. The first matrix represents the strat​egies of players 2 and 3 in the case that player 1 chooses his strategy [L]; the second in the case player 1 chooses his strategy [R]. The representation is shown in Figure 5.
Let us find the saddle point of this three-dimensional matrix. First we must eliminate the dominated strate​gies, i.e., those over which some player prefers another strategy as a "sure thing." Note, for example, that player 3's strategy [R, L, L, R] dominates strategy. [R, R, L, L]. This is because player 3 gets as much or more in the former than in the latter regardless of what players 1 and 2 do. This can be verified by comparing player 3's payoffs (the third numbers in the triples) in the corresponding rows in each of the matrices shown in Figure 5. Being a dominated strategy, [R, R, L, L] should be eliminated from consideration.
In a similar way, we eliminate player 3's strategies [L, L, R, R], [L, R, L, R], [R, R, R, L], [R, R, L, R], [L, R, R, R] and [R, R, R, R]. Figure 6 shows the Left-Right game in normal form after the dominated strat​egies have been eliminated.
Next we examine all the remaining entries to see whether they are equilibria. They are not if any of the players can get a larger payoff by making an ap​propriate switch. For example, the entry in the upper left corner of the left-hand matrix is not an equilib​rium, because player 1 can get —1 instead of —2 by switching to [R]. The intersection of [R], [L, L], and [L, L, L, R] is not an equilibrium, because player 2 can get 3 instead of —2 by switching to [L, R]. Having thus eliminated all the non-equilibrium entries, we see that the only ones remaining (the equilibrium entries) are those where the payoff vector is (1, 3, —4), which, we
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Fig. 6. Strategies dominated by other strategies have been de​leted.
have already seen, is the pre-determined outcome of this game.
So far the situation is quite similar to that in the Two-person game with a saddle point. If there is a saddle point, the players (after having eliminated the dominated strategies) can do no better than choose strategies containing the saddle point. . Moreover, if each does this, the saddle point outcome will actually obtain.
N-person game theory differs in an important re​spect from Two-person theory in that the existence of strategies containing a saddle point does not guaran​tee that if such strategies are chosen by all players, the outcome will be a saddle point, that is, an equilibrium outcome. To see this, let us change the rules of our game so that now the players make their choices L or R in  ignorance  of how others  have  chosen  or,  what
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is the same thing, must make their choices simultane​ously. In this version of the game, the number of strategies available to players 2 and 3 will be reduced. This is because, in the absence of information about how previous players have chosen, players 2 and 3 do not have "conditional" strategies at their disposal (strategies expressed as "If he chooses so and so, choose so and so"). Allowing only strategies [L] and [R] to each player, we have the normal form of this game as shown in Figure 7.
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Fig. 7. Each player chooses in ignorance of the others' choices. Consequently each player has only two strategies. Equilibrium outcomes are marked by asterisks.
The saddle points are the boxes marked by asterisks. To choose a strategy containing a saddle point, player 2 must choose [L]. But players 1 and 3 may choose either strategy, because both contain saddle points. Suppose, then, all three players choose [L]. Player l's choice puts the outcome into the left hand matrix of Figure 7; player 2's into the left column; player 3's into the upper row. The outcome is the left upper box of the left hand matrix. This is not a saddle point, hence not an equilibrium. It turns out that there is no way to prescribe a strategy policy (e.g., choose a strategy containing an equilib​rium) to each player in a way that, if they make these
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choices, the outcome is certain to be an equilibrium. The concept of "individual rationality" becomes am​bivalent.
To restore the concept of rationality in the context at least of the constant-sum game, we can allow the players to form coalitions. That is, we can let them coordinate strategies with each other so as to maximize their joint payoff.9
If a subset of the n players form such a coalition, and if the remaining players form a counter-coalition, we shall have essentially a Two-person constant-sum game, where the concept of rationality (now meaning the rationality of the coalition acting as a single player) is restored.
In this connection two comments are in order. First, it makes sense for the players to act in concert with the view of maximizing their joint payoff only if they can pool their payoffs as well as their strategies. We shall assume that this is the case. A situation of this sort may obtain if the payoffs are in some transferable, conservative commodity like money. Quantities of money can be added and apportioned among the mem​bers of a coalition. Second, we can reduce an N-person constant-sum game to a Two-person constant-sum game in more than one way, depending on which coali​tions are formed.
Let us return to our game in its perfect information version to see what will be the outcome if different players join in coalition.
Suppose first that players 2 and 3 decide to form a coalition and so to act in concert in order to obtain the largest joint payoff they can.
Referring to Figure 4, we observe the following. If player 1 chooses L, players 2 and 3 can, by coordi​nating their choices, bring the game to the outcome (LLL), which gives them a joint payoff of 2, and consequently a payoff of  —2 to player  1.  If, on the
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other hand, player 1 chooses R, players 2 and 3 can bring the game to the outcome (RLR), which gives them a joint payoff of 4, and —4 to player 1. Player 1 has taken all this into account and will, of course, choose L. He cannot help losing 2 units, but he need not lose more. Consequently, if coalition (23) forms against (1), the value of the game to the coalition of two is 2, and to the coalition of one —2.
Suppose now that players 1 and 3 form a coalition against 2. In coordinating their strategies, they must take into account what 2 will do in response to each of player l's choices. If player 1 chooses L, player 2 will choose L, because if he chooses R, he stands to lose 5 (since player 3 will choose R), but only 4 if he chooses L. Consequently, if player 1 chooses L, the coalition (13) will get 4. On the other hand, if player 1 chooses R, thus forcing player 2 to choose L (to avoid a loss of 6), the coalition will get only 2. There​fore the coalition should begin the game by a choice of L by player 1. In this way the coalition will cer​tainly get 4. The value of the game is 4 to the coali​tion (13) and —4 to player 2 playing against this coalition.
Finally, suppose player 1 and 2 form a coalition. Coordinating their choices, they can bring the game to any of the branch points (LL), (LR), (RL), or (RR). Clearly, it is to their best advantage to bring the game to the branch point (LR), for then they will get at least 4, while player 3 gets —4.
In summary, player 1 playing against the coalition of the two others can get no more than —2 (but he need not lose more); player 2 playing against a coali​tion can expect to get —4, and so can player 3. Players 1 and 2 in a coalition can expect to get 4, and so can players 1 and 3. Players 2 and 3 can expect to get 2. As for the coalition of all three players, they are sure
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to get a joint payoff of zero, since the sum of the pay​offs is zero in this game regardless of outcome.
A rule which assigns a value of the game to each subset of the n players is called the characteristic func​tion of the game. By "rule" we mean here not a rule of the game but a consequence of the rules of the game in question; in other words, a rule in the sense of a mathematical function (cf. p. 30). The value of the game to each subset is defined as the value of a Two-person game which results if the subset in ques​tion plays as a single player and if the remaining play​ers form a counter-coalition. If the N-person game is constant-sum, the value to each subset is defined un-ambivalently. If it is not constant-sum, there may be an ambivalence in the definition, as we shall see below. For the time being, we are discussing the characteris​tic function of constant-sum games only. We have seen that, without loss of generality, constant-sum games can be considered to be zerosum games. We shall so consider them.
By the way the characteristic function of a zerosum game is defined, we see that it must have the follow​ing properties.
1. The value of the game to the grand coalition (i.e.,
the coalition of all the players)   must be zero, since
the sum of the payoffs is zero regardless of outcome.
2. The value of the game to the null subset (cf. p.
17)   must also be zero, since the players  are not ob​
ligated to "throw away" any portion of their payoffs.
3. If S is a subset and — S the complementary sub​
set (cf. p. 16), then the value of the game to — S is
numerically equal to the value of the game to S but
with opposite sign.
4. The value of the game to a union of two subsets
(cf. p.  18)  must be at least as large as the sum of
the values to the subsets separately. This is because play​
ers   joining   in   a   coalition,   hence   coordinating   their
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strategies, can always do at least as well as if they had not joined in the coalition (assuming that the remaining players have joined in a counter-coalition and are at​tempting to get the largest joint payoff for themselves). This property of the characteristic function is called the super-additive property.
We express these properties of the characteristic func​tion (of an N-person constant-sum game) mathemati​cally as follows.
The characteristic function of an N-person constant-sum game is a function v( ) (cf. p. 33) on the set of subsets of N to the real numbers such that
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The game shown in Figure 4 (with coalitions allowed) has the following characteristic function:
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Note that all the properties of the characteristic function are satisfied.
Let us now examine a Three-person non-constant-sum game to note some important aspects in which it differs from constant-sum games. A non-constant-sum game is shown in Figure 8.
The game will be recognized as a three-sided Prison​ers' Dilemma game. The choices of the players have been labeled suggestively C (for cooperation) and D (for defection). If all three cooperate, each wins 1 unit. The Prisoner's Dilemma feature enters via re​wards   accruing  to  defectors,   provided  not  all   three
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players defect. In particular, a single defector gets the largest payoff 3. Each of two defectors gets 2, i.e., a smaller payoff than that of a single defector but more than that of a single cooperator or of each of two co-operators, 0. A single cooperator (the "sucker") suf​fers the largest loss, —2. If all three defect, each loses 1 unit.
If we analyze this game as before, assuming it to be a game of perfect information, we arrive at the single saddle point in (DDD), which is analogous to the saddle point in the Two-person Prisoner's Dilemma game. If, however, we allow coalitions in the game of perfect information, we get some curious results.
Consider first a coalition of players 2 and 3 versus player 1.
If player 1 chooses C, players 2 and 3 can realize outcome (CDD) to get a joint payoff of 4, whereby player  1  gets   —2.  If player  1  chooses  D,  the  most
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players 2 and 3 can get jointly is zero, whereby player 1 can get at least 2. Therefore player 1 can get at least 2 playing against the (rational) coalition (23).
If players 1 and 3 are in a coalition, player 2 can get at least 2. If player 1 chooses C, then player 2 will choose D, which will assure him at least 2. If player 1 chooses D, then player 2 will choose D. Since players 1 and 3 are in coalition, they will not make D player 3's final choice (for in that case they get jointly —2). Rather, player 3 will choose C, in which case the coali​tion will get 0 and player 2 will get 2.
If players 1 and 2 are in coalition, they can expect to get zero; for they can bring the game to any of the branch points (CC), (CD), (DC), or (DD), and in each case player 3 will make the choice which maxi​mizes his own payoff. This will give zero to (12) in all cases.
As for the grand coalition, it can assure itself a joint payoff of 3.
If we define the value of the game to each coalition as the amount which the coalition can expect to get playing against the rational counter-coalition, then the characteristic function of this game will be given as follows:
v(0) = 0
(2.9)
v(I) = 2; v(2) = 2; v(3) = 2
(2.10)
v(23) = 0; v(13) = 0; v(12) = 0
(2.11)
v(123) = 3.
(2.12)
We see that this characteristic function does not satisfy property (2.4) the super-additive property (cf. p. 79). At first thought, this may seem paradoxical. Why should not two players coordinating their strate​gies not do at least as well jointly as they can do sep​arately? This is because in a non-zerosum game it may happen that, as two players cooperate to get a
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maximum joint payoff for themselves, they may (inad​vertently) increase the payoff to the other player so that he gets even more than a coalition would get of which he might be a member.
In our example, player 1, knowing that players 2 and 3 (being rational) will be trying to maximize their joint payoff, not minimize his, can play D in the expectation that players 2 and 3 will not "punish him" by realizing the outcome (DDD), for they would be punishing them​selves in the process. They will take 0 (the most they can get), and as a result, player 1 will get 2. We see that each of the three players is in a position to do the same, and so the single player has really an advantage in this game over any coalition of two players. It follows that no player will want to join in a coalition with just one other. Nor would he want to join with both others. The grand coalition can guarantee itself only 3 units, which, because of the symmetry of the game, would be expected to award only 1 unit to each. In short, every player wants to be in a coalition only with himself (assuming that the other two join in a coalition). But if each player remains alone, the outcome of the game, as we have seen, is ( — 1,
—
1, —1), and the purpose of not joining a coalition is
defeated.
We see that the dilemma is even more severe in the Three-person version of Prisoner's Dilemma than in the Two-person version. In the Two-person version the di​lemma disappears if the two join in a coalition, which is clearly in their interest to do. In the Three-person version it is not in the interest of either player to join in a coali​tion with one other (since a single player gets more than a coalition of two) nor with both of the others, since in that case he can reasonably expect only 1. Moreover, if a player remains alone, it is in the interest of the other two to join in a coalition, since in that case they can jointly get 0, while if every man plays for himself, each gets
—
1. Therefore each man will strive to remain out of a
coalition, expecting that the other two will join in a

Three-level Analysis        83
counter-coalition. But we have seen that if each player remains alone, each player loses, whereas in a coalition of two he would break even, and in a coalition of three he could expect to get 1 unit as an equal share of the joint gain.
The paradoxical features of a non-super-additive char​acteristic function can be avoided by re-defining it for non-constant-sum games. Imagine that a fictitious (n + l)st player has been added to the game. This player does not participate in the game in the sense of choosing strategies, but he does get payoffs. Namely, in every out​come of the game he gets a payoff which is numerically equal and opposite in sign to the sum of the payoffs of all the bona fide players. The resulting game is then a zero-sum game, and its characteristic function is super-addi​tive. This way of defining the characteristic function is equivalent to assuming that every coalition can expect that the counter-coalition will "do its worst," i.e., will act in such a way as to minimize the joint payoff of the first coalition. Thus the value of the game to each coalition is supposed to be the very least it can get if it acts in con​cert (regardless of what common interest dictates to the counter-coalition). In our subsequent discussion we shall use the one or the other versions of the characteristic function in various circumstances.
We shall now assume that the characteristic function of a game is super-additive, that is, conditions (2.3) and (2.4) are satisfied.
N-person games can now be distinguished according to those where condition (2.4) is satisfied only by equalities, and those where some of the inequalities are strict (cf. p. 29). In the former case, there is no inducement for any of the players to join in a coalition with any of the others, since there is no joint gain in doing so. Such games are called inessential, and, from the point of view of the theory of N-person games in characteristic function form, offer no interest. The remaining games are called essential. In this book, we shall be dealing almost exclusively with
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essential games and will use the term N-person game to mean an essential game unless otherwise specified.
In an essential game, since at least one inequality in condition (2.4) must be strict, it follows that
v(N) > v(l) + v(2) + • • • + v(n).         (2.13)
In other words, all of the players joining in a grand coalition can get jointly more than the sum of what they can get playing every man for himself against a coalition of all the others. We shall now show that we can, without loss of generality, denote each v(i) (i = 1, 2, . . . , n) by O and v(N) by 1.
Suppose first that each player pays a fee or is given a bonus regardless of the outcome of the game so as to make v(i) always equal to zero; that is, an amount nu​merically equal and of opposite sign is added to each v(i). Recall that the v(i) are determined by the game itself, assuming that each player plays rationally against the others combined in a coalition which is trying to minimize his payoff. Therefore the player should play the same way whether or not he receives the bonus (or pays a fee), so that these side payments (or charges) from the outside do not change the strategic structure of the game. We now have the "same" game with v(i) = 0 (i = 1, 2, . . . , n). Clearly v(N) is also changed in the process; namely, v( N) becomes
where as is the side payment (positive or negative) to player i.
Now let us change the units of the payoffs so that
v"(N) = cv'(N) = 1,
(2.15)
where c is an appropriate constant.
The constant, c, which effects this change (amounting to no more than a change in the units of payoff) is
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Moreover, the value of the game accruing to each sub​set of S now becomes
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Since none of the v(i) is now negative, it is now true that
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In particular,
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Hence, in the re-formulated version the characteristic function of every essential game can be written:
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This so-called normalized form of the characteristic function makes it convenient to compare different games, and simplifies the theory.
Example
Examining the characteristic function of the game shown in Figure 4 we see that it is an essential game. In normalized form, its characteristic function becomes
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Let us see what happens when we normalize any es​sential Three-person constant-sum game. If v(i) =0 and v(l23) = 1, it follows by property (2.5) (cf. p. 79) that v( 12) = v(l3) = v(23) — 1, since the payoff to any coali​tion of 2 plus the payoff to the third player must always add to 1. Therefore the theory of the essential constant-sum Three-person game in characteristic function form
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"collapses" into the theory of a single game. The game can be stated as follows. The three players are to divide a unit. Any two of them by forming a coalition can get the whole unit. This game has been used repeatedly as an example of a Three-person constant-sum game. We see that if we are interested only in the features of the game revealed by its characteristic function, then every essen​tial Three-person game is equivalent to this example.
If there are more than two players, however, there is "more room" for variety. Only the value of the game to coalitions of n-1 players must be equal to 1 in the normal​ized form of the game. The value of the game to the several coalitions with more than one but fewer than n-1 players can be any numbers between 0 and 1.
If the game is not constant-sum, even more variety is possible. For then the restriction v( S) =1 for all S with n-1 players need not be imposed.
An alternative way of normalizing an N-person game is by transforming the payoffs in such a way that v(i) = -1 (i = 1, 2, . . . , n), v(N) = 0. Note that this nota​tion does not imply that the game is necessarily zerosum; it is no more than a shift of "base line" and of the unit of utility. We shall sometimes use this alternative form of normalization.
In what follows we shall consider N-person games al​most exclusively with regard to their characteristic func​tions (or generalizations thereof). Roughly speaking, the givens of the game will be what each subset of the n players can expect to get. The problems will concern mostly what each individual player can expect to get, and to some extent how the players can be expected to form coalitions. As we shall see, the answers to the first ques​tion are far from definitive, and to the second even less so. Much, however, can be learned in the process of posing and attempting to answer these questions, and therein lies the principal intellectual value of N-person game theory.

3. Individual and Group Rationality
A fundamental problem posed by game theory is to de​termine the outcome (or outcomes) of games which can be expected to occur if games are played by "rational players." Clearly, the problem acquires meaning only after the concept "rational player" is well defined.
When a mathematical concept is defined, it is by im​plication well defined, since mathematical concepts arise only in the process of logically precise definitions. How​ever, when a concept arises outside the content of exact definitions, for instance, on the basis of our intuitive "understanding" of something, it turns out not infre​quently that attempts to apply the concept lead to para​doxes or contradictions.
So it is with the concept of a "rational player." Intui​tively, a rational player can be defined as one who, in making strategic choices, takes into account the conse​quences of his choices and of those made by other players, and is guided by the attempt to maximize the expected utility of the outcome (to him and to him alone) under the constraints of the situation. However, as is apparent from the analysis of non-constant-sum games, and as will become apparent from our analysis of N-person games, this definition is far from sufficient to decide whether a given strategic choice is rational. It seems that the con​cept of rationality bifurcates into "individual rationality" and "collective rationality," and the prescriptions derived from the one often fail to coincide with those derived from the other.
We have seen how this problem arises in Two-person games, for example, in Prisoner's Dilemma. It becomes even more complex in N-person games.
